Abstract. In the majority of lumped water balance models of river basins, groundwater is represented by a single reservoir, and groundwater discharge is described by a singlevalued function of storage in the reservoir. It is demonstrated that single-valued storagedischarge functions are often incapable of representing the actual storage-discharge characteristics of a river basin. An alternative discharge function is proposed which is derived from a solution to the one-dimensional saturated flow equation for an idealized hillslope with spatially varying physical properties. The saturated flow in the whole river basin is, however, generally better described by a two-dimensional flow equation. Therefore, in order to apply the new discharge function to a whole basin, it is first necessary to show that the two-dimensional flow of groundwater can, in some way, be encapsulated in a conceptual model which can be represented by the one-dimensional flow equation. Two different methods for deriving such a conceptual model are developed and tested on an example river basin. The new discharge function, based on one of these conceptual models, successfully reproduces the discharge simulated by solving the twodimensional flow equation.
Introduction
Research into lumped water balance models of river basins has been conducted for more than 3 decades. Even with the advent of physically based distributed modeling systems [e.g., Abbott et al., 1986] in the early 1980s, which can, theoretically, be specified using the physical properties of the river basin alone, research into lumped models has not abated. There are, predominantly, two reasons for this, both of which are related to scale. The first stems from a continuing debate about whether the parameters in physically based distributed models can ever be related to field measurements with any degree of confidence [Beven, 1995; O'Connell and Todini, 1996] . The second is the practical constraint on the size of basin to which physically based distributed models can be applied because of their computational expense and their data requirements. The capabilities of computers are continually being improved, and the size of river basins to which traditional distributed hydrological models can be applied is expanding accordingly. However, hydrologists are being called upon to develop models for increasingly large river basins or even models at the continental scale, where it still remains impractical to use traditional distributed models. At such large scales the preferred approach to hydrological modeling is to delineate the large basin into subbasins and apply a computationally efficient lumped model within each of the subbasins. Consequently, constructing lumped water balance models which are sensitive to physical changes at the subbasin scale remains an important research area [Wood, 1995] .
The continued interest in lumped water balance models has resulted in increasingly sophisticated representations of the vertical flux of water in the soil-plant boundary layer system (e.g., Soil Vegetation Atmosphere Transfer Schemes (SVATs) and BATs). In contrast, representation of the saturated region in the subsurface of the river basin has remained relatively unchanged. Traditionally, the saturated zone is modeled as a simple lumped continuity equation,
where t is time, S is the total storage in the reservoir, I is spatially integrated volume of incoming water, and Q is the discharge. The forms of the discharge function which have been suggested in the literature are wide and varied. However, the most commonly used tend to rely on some a priori conceptual model of the storage-discharge characteristics of the basin [Dunne and Black, 1970; Sloan and Moore, 1984; Brutsaert and Nieber, 1977] . Despite the variety in conceptual models which have been previously proposed, the resulting storagedischarge functions all have one thing in common; they are single valued; in other words, there is a one-to-one correspondence between storage and discharge. The first part of this paper uses an example river basin, the Flint Creek river basin, Springfield Plateau, United States of America, to call into question the validity of models for the saturated region of river basins which rely on single-valued storage-discharge functions.
It is shown that a particular value of storage can be related to a range of discharge rates depending on the history of incoming water. In the second part of this paper an alternative discharge function, which is capable of characterizing this hysteresis, is proposed. The function is derived from a solution to the one-dimensional saturated flow equation for an idealized hillslope with spatially varying physical properties. The ability to relate a discharge function to the onedimensional saturated flow equation is often regarded as justification for applying that function, within a lumped model (equation (1)), to the whole river basin. However, the saturated flow in the whole river basin is generally better described by a two-dimensional flow equation. Therefore, in order to apply the new discharge function to a whole basin, it is further necessary to show that the flow of groundwater described by Copyright 2000 by the American Geophysical Union.
Paper number 1999WR900221. 0043-1397/00/1999WR900221$09.00 the solution of a two-dimensional flow equation can, in some way, be encapsulated in a conceptual model which can be represented by the one-dimensional flow equation. This is a necessary step when applying any lumped water balance model which has its theoretical basis in a one-dimensional flow equation. Two different methods for deriving such a conceptual model are developed. Each is designed for application to a different type of aquifer: one in which the subsurface flow pathways converge radially toward the river and another in which the flow pathways converge very quickly onto major flow pathways. A lumped model, incorporating the new discharge function, based on a conceptual model derived using the latter of these two methods successfully reproduces the discharge simulated by solving the two-dimensional flow equation for the Flint Creek river basin.
Demonstrating the Limitations of SingleValued Storage-Discharge Relationships
The argument against the use of a single-valued storagedischarge relationship starts from the premise that the physics of water flow in the saturated zone of a river basin can be adequately represented by the Dupuit-Boussinesq equation for a phreatic aquifer:
where h is the hydraulic head or the elevation of free surface, g( x, y) is the specific yield, K x ( x, y) and K y ( x, y) are the depth-averaged saturated hydraulic conductivities aligned along the principal directions of anisotropy, h 0 is the elevation of the base of the aquifer, and r is the recharge. This equation is widely accepted for regional groundwater modeling and has been successfully applied by many authors [e.g., Imes and Emmet, 1994] . Equation (2) can be linearized by replacing x, y) dz by average transmissivities, T x ( x, y) and T y ( x, y), respectively, which are independent of the head
This simplification is used later on in the development of a new nonsingle-valued discharge function. In order to demonstrate the errors inherent in adopting a single-valued storage-discharge function in conjunction with the lumped continuity equation (equation (1)), two commonly used storage discharge functions have been selected and compared to finite difference solutions of both (2) and (3). Section 2.1 describes these functions, and section 2.2 then applies them to the Flint Creek river basin.
Single-Valued Storage-Discharge Functions
The two single-valued storage-discharge functions discussed below were selected from a wide variety of possible functions because they are commonly used and can be related to the Dupuit-Boussinesq flow equation. The first of these takes the form
where a and b are constants. This functional form is widely used and is normally justified on the basis of results from hydrograph recession analysis [Tallaksen, 1995] . Equation (4) can be shown to be directly related to two different solutions of the Dupuit-Boussinesq equation for an idealized onedimensional aquifer with homogenous hydraulic properties which is draining into a fully penetrating river under drought conditions ( Figure 1 ) [Boussinesq, 1877 [Boussinesq, , 1904 Brutsaert and Nieber, 1977] . The second lumped-storage discharge function selected stems from the assumption that the dynamics of the saturated region of a river basin can be approximated by successive steady state representations. Given a conceptual model of water flow in the saturated region of a river basin, it is often possible to derive a function which relates the storage to the discharge for a range of steady state scenarios, where recharge equals discharge and the water table is stationary [e.g., Sloan and Moore, 1984] . This steady state storage-discharge function can then be used in conjunction with the lumped continuity equation (equation (1)) to provide the lumped model
where Q (S) is the steady state storage-discharge function. These models are usually called "quasi steady state" models. One of the most widely used models which includes a quasi steady state representation of subsurface flow is TOMODEL [Beven and Kirkby, 1979] as do its variants [Ambroise et al., 1996; Beven, 1997; Lamb et al., 1997; Sivapalan et al., 1990] .
Beven [1997] suggests that when applied in its original form to a river basin with thin soils over an impermeable base, the quasi steady state approximation holds. However, he also notes that for a variety of alternative transmissivity profiles, or when the saturated depth of the aquifer is large, the deviation in the actual shape of the water table from a steady state shape can be both large enough and last long enough to call into question the assumption of quasi steady state dynamics.
Application of the Single-Valued Functions to an Example River Basin
The Flint Creek river basin, which covers approximately 296 km 2 and sits on the border between northwest Arkansas and Oklahoma, United States of America, was selected to demonstrate the discrepancies between a Dupuit-Boussinesq conceptual model and the use of single-valued storage-discharge functions. This river basin is also used to demonstrate the alternative discharge function developed in section 5.1. It is Figure 1 . Schematic diagram of an idealized one-dimensional aquifer with homogeneous hydraulic properties which is draining into a fully penetrating river. situated on the Springfield Plateau area of the Ozark Plateau which is characterized by a weathered cherty limestone [Imes and Smith, 1990] . The water table is easy to define in this area, with water-level contours generally trending parallel to the local surface topography which is shown in Figure 2 . The stream network is mostly fed by groundwater discharge via springs, as the name Springfield might suggest, and the weathered nature of the limestone allows the water table to respond very quickly to rainfall [Imes and Emmett, 1994] .
The two-dimensional finite difference model used to solve both the nonlinear and linearized Dupuit-Boussinesq model (equations (2) and (3)) for the Flint Creek river basin is a modified version of the PARADIGM model [Lunn and Mackay, 1997] . The basin was partitioned into a regular grid, each cell being 250 m ϫ 250 m. The base of the aquifer was assumed to follow the surface topography and was approximately 100 m below the surface [Imes and Emmett, 1994] . There was assumed to be no flow across the watershed boundary of the basin, and cells which contain a river were assigned a fixed head 10 m below the average elevation of the cell. Saturated hydraulic conductivity adjacent to a river was taken as 80 m/d decreasing linearly with distance from the stream to approximately 10 m/d; the spatially averaged saturated conductivity for the whole basin is approximately 20 m/d, which agrees with the estimates used by Imes and Emmett [1994] in their model of the Springfield Plateau. This heterogeneous conductivity field reflects both the convergence of solution channels through the limestone matrix and the increase in their aperture toward the river. The limestone is crystalline and therefore has a low primary porosity, so the effective specific yield in the model was set at 1% for the whole basin to reflect this. A time series of recharge was estimated using a single-reservoir storage model to represent the unsaturated zone. Evapotranspiration from this reservoir and the canopy were estimated for a typical canopy cover, using a Penaman-Montieth formulation and percolation; above a threshold, storage was determined by a linear function of storage. The parameters of this model were calibrated in order to reproduce the flashy recharge which is typical of the Springfield Plateau region and to give a total volume of recharge which was physically reasonable for the Flint Creek river basin.
The conceptual model outlined above was constructed on the basis of limited physical data, and it is recognized that there are other models which may be equally valid. The arguments presented in this paper start from the premise that the movement of water in the saturated region of a river basin is adequately described by the Dupuit-Boussinesq equation. The aim is then to compare this conceptual model, now seen as the "truth," with two lumped models which rely on single-valued storage-discharge functions. Since this is an exercise in comparing model results, the following arguments could have been advanced using a hypothetical river basin, but it was felt that a real river basin would prove more convincing. Figure 3 shows a comparison of the nonlinear (equation (2)) and linear (equation (3)) Dupuit-Boussinesq finite difference solutions with the river discharge at the river basin outlet. The Flint Creek river basin is predominantly groundwater driven (as demonstrated by the length of the observed recession periods) with very little overland flow. The contribution to the river system from groundwater calculated by the finite difference models is therefore compared directly with the river basin hydrograph in Figure 3 . The distributed finite difference models are in good agreement with the observed discharge, demonstrating that the Dupuit-Boussinesq equation provides a reasonable conceptual model for the river basin. Furthermore, the results produced by the linear model are almost identical to the nonlinear model for this river basin. Consequently, the simpler linearized Dupuit-Boussinesq equation is adopted from here on as the conceptual model for this basin.
The spatially integrated storage and the discharge into the river simulated by the linear distributed model were recorded at every time step. They are plotted against one another on linear scales in Figure 4a and on log-log scales in Figure 4b . It is immediately apparent from Figure 4b that the power law storage-discharge function (equation (4)) is not valid for this river basin; if it were, the points on this plot would follow a straight line. It can therefore be concluded that the drought conditions which must prevail for the lumped model with a power law storage-discharge function to mimic a DupuitBoussinesq model are rarely met in this river basin.
It is also apparent from both Figures 4a and 4b that one value of storage can correspond to several different discharge rates. For example, if the storage deviation is 0.06 m, then the discharge rate could take several values ranging over an order of magnitude from 0.001 mm/hr to 0.01 mm/hr. Therefore no single-valued function can fully characterize the relationship between storage and discharge for this river basin. It is clear from this observation that the discharge predicted by a quasi steady state lumped model (equation (5)) is bound to deviate from that simulated by the finite difference model. To assess the magnitude of this deviation, a quasi steady state model was constructed using the storage-discharge function displayed in Figure 4a . This was produced on the basis of steady state simulations using the distributed linear finite difference model (the storage-discharge function for the nonlinear DupuitBoussinesq model is almost identical). The discharge simulated by this lumped model is compared to the finite difference model results in Figure 5a , and the difference between the two simulated discharge time series are displayed in Figure 5b . The The difference between the discharge simulated by these two models. magnitude of the difference, particularly close to recharge events, would suggest that for this river basin the assumption of quasi steady state dynamics in the saturated region does not hold. The basin is not unusual in this respect; in fact, for basins with lower saturated hydraulic conductivity values it is likely that the errors incurred in making this assumption would be even more pronounced.
Neither of the two lumped models proposed are able to characterize the relationship between storage and discharge for the Flint Creek river basin. Both failed because the conditions which need to prevail, in order to make their solutions commensurate with solutions to a Dupuit-Boussinesq model, were not met.
Development of an Alternative Discharge Function
It has been shown that discharge from a Dupuit-Boussinesq aquifer cannot be represented by a function of storage alone and that imposing a single-valued storage-discharge function within a lumped model is liable to yield poor results. If the simplicity of using a single-reservoir lumped model is to be retained, then an alternative discharge function which can better represent the storage-discharge characteristics of a DupuitBoussinesq aquifer is desirable. The remainder of this paper is devoted to developing and testing such a function. The approach developed is to supplement the steady state storagedischarge function with extra terms which depend on the storage and the rate of incoming water
The extra terms, E(I, S), are intended to approximate the error in discharge which is incurred by approximating the true shape of the free surface of the aquifer with a steady state representation. A solution to the linear Dupuit-Boussinesq equation (equation (3)) for an arbitrary, heterogeneous onedimensional aquifer is derived, part of which is used in determining E(I, S). This solution is, initially, developed for a hillslope strip which follows one of the streamlines for groundwater flow ( Figure 6 ). Both the recharge and the physical properties of the aquifer are assumed to be heterogeneous. The governing equation along a hillslope strip of length L is
x ʦ ͓0, L͔, t ʦ ͑0, ϱ͒ with boundary conditions
where I(t) is the time-varying recharge, f( x) represents the spatial distribution in recharge, g( x) is the spatially varying specific yield, and p( x) is the initial shape of the water table.
In Appendix A a solution to (7) is developed in terms of the solutions to a different differential equation called a regular Sturm-Liouville equation, which is given by Figure 6 . Cross section of a strip of hillslope that follows one of the streamlines for groundwater flow.
It can be shown [Kreyszig, 1988] that there are an infinity of real values, { i } iϭ1 ϱ , called the eigenvalues, with corresponding nontrivial solutions { i ( x)} iϭ1 ϱ , called the eigenfunctions. The properties of these eigenvalues and eigenfunctions are such that a solution to (7) can be written as a series sum (Appendix A), so that the elevation of the free surface is given by
where
are new variables and {c i } iϭ1
are constants, all of which can be derived from the properties of the aquifer (Appendix A).
The aim is to characterize the deviation between a steady state representation of the free surface and the true shape of the free surface. It is shown in Appendix B that for a onedimensional aquifer in steady state with a total storage S the shape of the free surface is given by
and the discharge is given by
where S S is a constant that is defined in Appendix B. Now suppose that the storage in the aquifer is a function of time, S(t). Letting ⌬h be the deviation of the true shape of the free surface from the shape it would hold if the water were distributed in steady state, then
Using Darcy's law, the discharge from the aquifer is given by
The first term in this equation is the discharge from the aquifer which would occur if the aquifer were in steady state and its total storage was S. The remaining terms are the error in discharge which is incurred by approximating the true shape of the free surface of the aquifer with a steady state representation. Therefore (16), in conjunction with (12), which describes the behavior of the coefficients i , defines a function which has the same form as (6)
The right-hand term in the first line of (17) corresponds to E(I, S) in (6), and this will subsequently be referred to as comprising "the extra terms." SL/S S corresponds to Q (S) in (6). Equation (17) exactly characterizes the discharge from the Dupuit-Boussinesq aquifer described by (7) and (8) in terms of the total storage and the recharge rate. In this form it is of little practical use since it depends on the sum of an infinite number of extra terms which, in turn, depend on the eigenvalues and eigenfunctions of a regular Sturm-Liouville problem. The existence and relevant properties of these eigenvalues and eigenfunctions have been introduced in Appendix A; however, a practical method of calculating them was not discussed. Sections 3.1 and 3.2 describe two methods for calculating the eigenvalues, eigenfunctions, and the other parameters in the discharge function. It is shown that the majority of the extra terms in the series sum contribute very little to the discharge and that, in practice, only the first few terms need be included to provide an accurate approximation of the discharge. It should be noted that a model for simulating discharge that is constructed using the lumped continuity equation and (17) will conserve mass no matter how many terms in the series sum are discarded. An alternative approach might have been adopted in which discharge is simulated by differentiating general (11) with respect to x at the boundary between the river and the aquifer; however, this model would not conserve mass if any of the terms in the series sum were discarded.
Evaluating the Parameters of the Discharge Function Analytically
For certain simple conceptual models of the aquifer (e.g., Figure 1 ) in which the physical properties are homogeneous, it is often possible to derive the eigenvalues and eigenfunctions analytically. This allows (17) to be written explicitly in terms of the aquifer properties rather than the eigenvalues and eigenfunctions (which are functions of the aquifer properties). For example, if in (A1)
with
Equations (19) and (20) define the discharge function for this simple conceptual model in which the aquifer has homogeneous physical properties and the recharge is uniformly distributed. I(t) can rarely be cast in a functional form which allows (20) to be solved analytically; it is therefore usually necessary to solve it numerically.
Evaluating the Parameters of the Discharge Function Numerically
It is rare that the physical properties of an aquifer will, in reality, be homogeneous, and the conceptual models of the aquifer for which the eigenvalues and eigenfunctions can be calculated analytically are rather limiting. Furthermore, it is often the case that there will be physical data to support a more complicated conceptual model of the aquifer in which the functions T( x), p( x), f( x), and g( x) vary significantly over the length of the aquifer. In this case the aquifer is partitioned horizontally into N blocks of equal length, ⌬x, and values of the functions T( x), p( x), f( x), and g( x) are specified at the boundaries between these blocks. It is then necessary, and simple, to derive numerical approximations to the first N Ϫ 1 eigenvalues and eigenfunctions; this is demonstrated in Appendix D. The general lumped model, including the continuity equation (equation (1)), is then given by
where ⌬t is a time increment, T N ϭ T(L), i NϪ1 is a numerical approximation of i {[(N Ϫ 1)/N]L}, and the constants
, and S s are now numerical approximations of the parameters introduced earlier. These parameters are all time invariant functions of the aquifer properties and, consequently, can be approximated numerically prior to running the lumped model (equation (21)).
Application to an Individual Hillslope
The lumped model, now defined in the system of (21), was tested on a one-dimensional heterogeneous aquifer similar to that shown in Figure 5 . The governing equation is (7) Discharge from this aquifer in response to a pulse recharge input I(t) of duration 100 hours and magnitude 2.3 mm/h was simulated using two different methods.
In the first method, (7) was solved using a fully implicit finite difference scheme. This gave approximations to the elevation of the free surface at 55 equally spaced nodes along the length of the aquifer. Discharge into the stream was then estimated from the elevation gradient of the free surface close to the river using Darcy's law. The discharge simulated in this manner is shown in Figure 7 . For the purpose of the comparisons shown in Figure 8 , this discharge can be considered to be the "truth."
In the second method, discharge was approximated using the lumped model (equations (21)). The aquifer properties were defined at the same 55 nodes that were used in the finite difference solution, and therefore 54 eigenvalues, eigenvectors, and corresponding constants were identified (Appendix D). Initially, discharge was simulated using the lumped model with none of the extra terms under the summation sign included; in this case the model reduces to a quasi steady state model. A series of subsequent simulations were conducted in which an increasing number of these extra terms were included. Figure 8 shows the discharge simulated by the lumped model with zero, one, three, and five extra terms, together with the discharge simulated by the finite difference model. It is apparent from Figure 8 that the quasi steady state model gives poor results in comparison with the finite difference model. The results produced by the lumped model improve as the number of the extra terms increases. With as few as five extra terms included in the lumped model, results are produced which closely match the finite difference model (R 2 ϭ 0.98). Similar comparisons were conducted for a wide range of aquifer properties, and recharge regimes and the lumped model consistently produced results which closely matched the finite difference model results with the inclusion of only a few extra terms. As a consequence, the lumped model runs significantly quicker than the finite difference model; the finite difference model requires the solution of a linear system of equations to update the elevation of the free surface at all the nodes every time step, whereas the lumped model only requires the storage and a few values of the coefficients i to be updated every time step. 
Application to the Flint Creek River Basin
It has been shown that the lumped model (equations (21)) can reproduce the discharge simulated by a finite difference model and is therefore consistent with the Dupuit-Boussinesq equation for saturated subsurface flow in a heterogeneous aquifer. Furthermore, the lumped model produced significantly better results than using a single-valued storagedischarge function in conjunction with a single reservoir. It has also been shown that for certain simple conceptual models of the aquifer, the lumped model can be written explicitly in terms of the physical properties of the aquifer. The conceptual model used to demonstrate this (Figure 1 ) was the one normally used to link power law storage-discharge functions to the Dupuit-Boussinesq equation.
Demonstrating that a lumped model is, in some way, consistent with the one-dimensional Dupuit-Boussinesq equation is traditionally seen as justification for applying that lumped model to a whole river basin. However, such an assumption neglects the fact that the flow in the saturated region of a river basin is more likely to be governed by the two-dimensional Dupuit-Boussinesq equation. Therefore, in order to apply the lumped model to the whole basin, it is necessary to show that the flow of groundwater described by the solution of a twodimensional Dupuit-Boussinesq equation can, in some way, be encapsulated in a conceptual model which can be represented by the one-dimensional Dupuit-Boussinesq equation. This is a necessary step when applying any lumped water balance model which has its theoretical basis in a one-dimensional flow equation.
In sections 5.1 and 5.2, two different methods for deriving such conceptual models were tested. In the first it was assumed that, typically, the groundwater flow pathways converge radially toward the river (Figure 9a ). In the second it was assumed that, typically, the groundwater flow pathways converge very quickly onto major flow pathways (Figure 9b ).
Conceptual Model One
In conceptual model one the traditional approach is adopted of relating the lumped model to a river basin by assuming the discharge into each river reach can be represented by the drainage from a single adjacent hillslope. This approach is augmented here by allowing radial flow, such that the representative hillslope can be "wedge shaped" if desired.
First, consider a single hillslope draining into a reach of the river of unit length (Figure 10) . Then under conceptual model one, where the flow pathways converge radially toward the river, the Dupuit-Boussinesq model can be written in cylindrical polar coordinates (variables are defined in Figure 10 )
with boundary conditions
where h 0 is a constant and T is the transmissivity. Note that since the hillslope is draining into unit length of river, k ϭ 1/. Letting u( Ϫ k, t) ϭ h(, t) Ϫ h 0 and substituting r ϩ k for (22) becomes
r ʦ ͓0, L͔, with boundary conditions
Now letting T(r)(r ϩ k) ϭ K(r), f(r)(r ϩ k) ϭ F(r), and g(r)(r
This now has the same form as (13), and the lumped model can be constructed in the manner previously described. It is next assumed that the river network can be partitioned into sections of unit length each of which is fed by such a hillslope. Furthermore, it is assumed that the behavior of each hillslope is similar and can be modeled using a single representative hillslope. This representative hillslope is initially derived from the geometry of the basin, letting y be the length of the river, A be the area of the basin, and P be its perimeter. Two hillslopes drain into every unit length of river, one from either side. Consequently, there will be 2y hillslopes in the whole basin, each of which will cover an area of A/ 2y and have perimeter P/ 2y (Figure 11 ). It can be shown that (28) and that the length of the hillslope is
In the case of the Flint Creek river basin, A ϭ 296 km 2 , y ϭ 34 km, and P ϭ 135.5 km, and therefore ϭ 0.34 rad, and L ϭ 2.9 km. The lumped model was constructed for a single hillslope with these dimensions and with saturated hydraulic conductivity decreasing linearly with distance from the stream at the same rate as in the two-dimensional model of the river basin. The time series of recharge which had been applied to the two-dimensional model was also applied to the lumped model; this recharge was assumed to be distributed uniformly over the free surface of the aquifer. Initially, no calibration against the two-dimensional model results was performed. Discharge simulated from this single hillslope model was multiplied by the number of hillslopes to produce discharge for the whole basin, which is displayed in Figure 12 . The model performs poorly in comparison to the two-dimensional model; Figure 10 . A hillslope draining into a reach of the river of unit length in which the flow pathways converge radially toward the river. Figure 11 . A plan view of a hillslope draining into a reach of the river of unit length in which the flow pathways converge radially toward the river. characteristically, the peak flows are exaggerated, and hydrograph recessions are steeper.
A subsequent simulation was conducted in which the conceptual hillslope model was altered, with no physical justification, by extending its length in such a manner that the steady state storage-discharge function matched that of the twodimensional model. The reasoning behind this was that it might be possible to calibrate the lumped model against results from steady state simulation of the two-dimensional model and consequently to remove the need for conducting computationally expensive transient two-dimensional model runs. The discharge simulated by this "calibrated" model is also displayed in Figure 12 . Unfortunately, the model performs no better than the original quasi steady state model, the results of which were displayed in Figure 5a . It can therefore be concluded that the conceptual model in which the groundwater flow pathways converge radially toward the river in a representative hillslope is flawed for the Flint Creek river basin.
The groundwater flow paths in Flint Creek are subject to channeling (as noted in section 2.2, the water table maps follow the topography), and therefore this simple radial conceptual model is not appropriate. It has been included here since such channeling is perhaps unusual, and this more standard conceptual modeling approach may well be sufficient for characterization of other river basins.
Conceptual Model Two
The second conceptual model, again, relies on a representative hillslope. In this case the groundwater flow pathways are assumed to converge quickly onto major flow pathways, and the representative hillslope is intended to encapsulate the behavior in these major flow pathways. Flow within the representative hillslope is assumed to be governed by a onedimensional Dupuit-Boussinesq equation, and the streamlines are assumed to be parallel, and therefore, unlike conceptual model one, the hillslope can be considered to have a uniform unit width. The model then relies on the further assumption that, rather than just converging quickly, recharge emanating from land adjacent to one of the major flow pathways converges instantaneously onto it, taking the shortest route possible ( Figure 13 ). Therefore the value of the recharge distribu- Figure 12 . Discharge simulated by the distributed finite difference model and the lumped model containing two different versions of the new discharge function: one of which was derived from a conceptual hillslope model which underwent no calibration (the dashed line) and another in which the conceptual hillslope model was altered by extending its length in such a manner that the steady state storage-discharge function matched that of the two-dimensional model. Figure 13 . Conceptual model two relies on the further assumption that recharge emanating from land adjacent to one of the major flow pathways converges instantaneously onto it, taking the shortest route possible. tion function, f( x), at a point a distance x from the stream in (14), is proportional to the area of land adjacent to the hillslope draining through that point.
A single representative hillslope was used to represent the whole basin. The saturated hydraulic conductivity decreased linearly with distance from the stream as in the twodimensional model. The recharge distribution function was determined in two stages. First, the distance of each pixel from the nearest stream was calculated from a raster map of the river basin (Figure 14) . Then, for each pixel, recharge water was assumed to instantaneously enter a major flow pathway and travel over this distance to the stream. Therefore, on the representative hillslope the value of the recharge distribution function, f( x), at a distance x from the stream is proportional to the number of pixels in the whole basin which are a distance x from the stream, or, in other words, f( x) is the fraction of the river basin at a distance x from the stream. The recharge distribution function for Flint Creek is shown in Figure 15 . The farthest any pixel is from the stream in Flint Creek is 12.5 km which was taken to be the length of the representative hillslope.
A lumped model for this representative hillslope was constructed in the manner described in section 3.2. The time series of spatially averaged recharge which had been applied to the two-dimensional model was also applied to this lumped model, the spatial distribution of recharge being described by the function f( x). The discharge per unit area from the representative hillslope was simulated by the lumped model, both with and without (quasi steady state) extra terms. These simulations are compared to discharge simulated by the two-dimensional finite difference model for the whole river basin in Figure 16 . The quasi steady state model performs poorly in comparison to the two-dimensional finite difference model. When as few as five extra terms are added to the lumped model, the discharge simulated by it is in very close agreement with that simulated by the two-dimensional finite difference solution (R 2 ϭ 0.95). There are discrepancies in modeled discharges at peak flows which could not be reduced by adding more extra terms to the lumped model. Nonetheless, the results produced by the new lumped model exhibit a significant improvement over the "quasi steady state" model for the whole basin that was introduced in section 2.2 (Figure 5a ).
This application shows that the behavior of the twodimensional Dupuit-Boussinesq equation can be encapsulated by this second (physically based) conceptual model. This fact then permits the simple, fast running, lumped model, which has been proposed in this paper, to be successfully applied to the whole river basin. An almost perfect fit to the DupuitBoussinesq finite difference solution is achieved, with predictions being considerably improved from those of the traditional single-valued steady state storage discharge model.
Conclusions
In the majority of lumped water balance models of river basins, groundwater is represented by a single reservoir, and groundwater discharge is described by a single-valued function of storage in the reservoir. In order to demonstrate the errors inherent in adopting this approach, two lumped models which incorporated commonly used single-valued storage-discharge functions are compared to the finite difference solution of the two-dimensional Dupuit-Boussinesq saturated flow equation. The lumped models perform poorly in comparison to the finite difference model when applied to an example river basin, Flint Creek, United States of America. The results from the finite difference model show that a particular value of storage can be related to a range of discharge rates depending on the history of incoming water. A single-valued storage-discharge function is bound therefore to be inappropriate. An alternative discharge function is developed which is not single valued and which can characterize the hysteresis inherent in the actual storage-discharge relationship. The function is derived from a solution to the one-dimensional saturated flow equation. The approach is to supplement a steady state storage-discharge function with extra terms which depend on both the current storage and the rate of incoming water. It is demonstrated that only a few of these extra terms are required in order for the function to accurately simulate the discharge from an idealized hillslope.
The ability to relate a discharge function to the onedimensional saturated flow equation is often regarded as justification for applying that function, within a lumped model (equation (1)), to the whole river basin. However, the saturated flow in the whole river basin is generally better described by a two-dimensional flow equation. Therefore, in order to apply the new discharge function to a whole basin, it is necessary to show that the flow of groundwater described by the solution of a two-dimensional flow equation can, in some way, be encapsulated in a conceptual model which can be represented by the one-dimensional flow equation. This is a necessary step when applying any lumped water balance model which has its theoretical basis in a one-dimensional flow equation. Two different methods for deriving such a conceptual model are developed. Each is designed for application to a different type of aquifer: one in which the subsurface flow pathways converge radially toward the river and another in which the flow pathways converge very quickly onto major flow pathways. A lumped model, incorporating the new discharge function, based on a conceptual model derived using the latter of these two methods successfully reproduces the discharge simulated by solving the two-dimensional flow equation for the Flint Creek basin. This latter method was considered appropriate for the Flint Creek basin only after examining data showing the water table following the local topography. Often data on water levels are not available, in which case the most appropriate model would have to be selected on the basis of the physical characteristics of the basin; this requires further investigation.
The application of the hillslope model to Flint Creek shows that the behavior of the two-dimensional Dupuit-Boussinesq equation can be encapsulated by the second (major flow pathway) physically based conceptual model. This fact then permits the simple, fast running, lumped model, incorporating the new discharge function that has been proposed in this paper, to be successfully applied to the whole river basin. An almost perfect fit to the Dupuit-Boussinesq finite difference solution is achieved, with predictions being considerably improved from those of the traditional single-valued steady state storagedischarge model.
Appendix A: Series Solution to the OneDimensional Dupuit-Boussinesq Equation
x ʦ ͓0, L͔, t ʦ ͑0, ϱ͒, with boundary conditions .
First, consider the regular Sturm-Liouville equation, which is given by
It can be shown (Gerschgorin's theorem [Kreyszig, 1993] ) that there are an infinity of real values, { i } iϭ1 ϱ , called the eigenvalues, for which a nontrivial solution exists ( 0) and that 0 Ͻ 1 Ͻ 2 Ͻ 3 Ͻ ⅐ ⅐ ⅐ i Ͻ ⅐ ⅐ ⅐ , with i 3 ϱ as i 3 ϱ. The solutions corresponding to these eigenvalues, { i ( x)} iϭ1 ϱ , called the eigenfunctions, are orthogonal with respect to the weighting function
The eigenvalues and eigenfunctions from this regular SturmLiouville problem form a complete orthogonal set. Equation (A2) is independent of both time and recharge, and therefore the eigenvalues and eigenfunctions are derived from the physical characteristics of the aquifer. Using a generalized Fourier expansion, any function can be defined as a linear sum of a complete set of orthogonal functions. Therefore we can define
Note that by multiplying through (A5) by m ( x) and integrating with respect to x between 0 and L, the values of the constants c i are given by
Substituting (A5) and (A6) into (A1) and using the fact that i ( x) are solutions to (A2) gives
Multiplying by m ( x) and integrating with respect to x between 0 and L gives iϭ1
Since the eigenfunctions are orthogonal,
Using an integrating factor,
are constants, and hence
This is a general solution to the Dupuit-Boussinesq equation (equation (A1)). The values of the constants i can be determined from the initial conditions. Using a generalized Fourier expansion,
Multiplying by g( x) i ( x) and integrating with respect to x between 0 and L gives
An alternative, and perhaps clearer, way of writing (A11), which is used in section 3, is as the system of equations, (A4) and (A9), 
where u s ( x) ϩ h 0 is the shape of the free surface in steady state.
Multiplying through by the specific yield, g( x), and integrating with respect to x between 0 and L gives the drainable storage associated with this steady state free surface. Ultimately, the function derived here is intended for use with the lumped continuity equation in which the only variable describing the internal state of the aquifer is the total storage; so suppose the storage in the aquifer is known to be S, then 
Therefore, for a particular value of storage S, if the water in the aquifer were distributed according to a steady state distribution, the shape of the free surface would be given by effective transmissivity at the center of the blocks can be estimated by the harmonic mean
to comply with the boundary conditions Ϫ1 ϭ 1 N ϭ 0. Equation (D2) therefore describes a linear system of N Ϫ 1 equations which can be written in matrix form
where ϭ ͓ 1 , 2 , 3 , · · · , NϪ1 ͔ T and A is a tridiagonal matrix, the elements of which are easily derived from (D2). This is a standard matrix eigenvalue problem, and it can be shown that there are N Ϫ 1 eigenvalues, { i } iϭ1
NϪ1
, each of which has a corresponding eigenvector, { i ͖ iϭ1
, which satisfies equation (D4) [Kreyszig, 1993] . The eigenvectors approximate the first N Ϫ 1 eigenfunctions of the regular SturmLiouville problem at N Ϫ 1 discrete intervals. There are a large number of published algorithms available for estimating these eigenvalues and eigenvectors [Press et al., 1996] . A detailed discussion on the accuracy of this method for approximating eigenfunctions is not given here. However, experiments comparing the eigenvectors and eigenvalues computed using this method with those computed analytically for the problem defined by (18) suggested that the first N/3 eigenvalues and eigenvectors are approximated accurately. Beyond this the accuracy decreases as the magnitude of the eigenvalue increases, with the numerical method giving poor approximations to the highest eigenvalue and its associated eigenfunction. It is shown in the main body of the text that these higher eigenvalues and their associated eigenvectors can usually be neglected.
If the functions p( x) and f( x) are known at the nodes, then the remaining constants in the discharge function can be approximated by
The gradient of the eigenfunctions at the river boundary can be approximated by a difference equation
The coefficients i are time dependent, and their behavior is governed by (22). They can therefore be estimated using a finite difference approximation i ͑t ϩ ⌬t͒ ϭ 1
where ⌬t is a discrete change in time.
The discharge function can now be specified for a heterogeneous aquifer by substituting (D5)-(D8) into (17). The general lumped model, including the continuity equation (equation (1) 
